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Abstract. In this paper we present a method of integrating theory rea-
soning into the instantiation framework. This integration is done in the
black-box style, which allows us to integrate different theories in a uni-
form way. We prove completeness of the resulting calculus, provided that
the theory reasoner is answer-complete and complete for reasoning with
ground clauses. One of the distinctive features of our approach is that it
allows us to employ off-the-shelf satisfiability solvers for ground clauses
modulo theories, as a part of general first-order reasoning. As an ap-
plication of this approach, we show how it is possible to combine the
instantiation calculus with other calculi, such as ordered resolution and
paramodulation.

1 Introduction

Instantiation-based theorem proving has been studied intensively in recent years,
see, e.g., [6, 7, 15, 17, 18, 23] among others. It has attractive features of combining
efficient reasoning on ground formulas with first-order reasoning.

In this paper we develop a method for integrating theory reasoning into the
instantiation-based framework, introduced in [13]. Approaches for integrating
theory reasoning into a logical calculus usually fall into two major categories:
black-box and glass-box approaches.

In the glass-box approach, theory reasoning is integrated via specialised infer-
ence rules, e.g., for the theory of equality, ordered paramodulation can be used.
Usually, the resulting calculus is very efficient for a particular theory. However,
for each theory one needs to devise specific rules which can make completeness
arguments for the resulting calculus highly non-trivial. There is extensive litera-
ture on the integration of various theories into the resolution based framework.
Much less is known about such integration into the instantiation framework
beyond the integration of equality reasoning [8, 14, 18, 23].

In this paper we introduce theory instantiation which is closely related to
theory resolution [24], and can be viewed as a black-box approach. Thus we
assume only limited knowledge of the theory itself and the theory reasoner. This
allows us to integrate theory reasoning in a uniform manner for different theories.

We follow the instantiation framework developed in our earlier papers [13, 14].
In our theorem proving process we interleave efficient satisfiability checking for
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ground clauses with appropriate instantiations witnessing unsatisfiability at the
ground level. One of the distinctive features of our approach is that it allows us
to employ off-the-shelf satisfiability solvers for ground clauses modulo theories,
as a part of general first-order reasoning. Let us note that for many important
theories such reasoners have received considerable attention and very efficient
implementations are available (see, e.g., [5] and work on DPLL(T) [11, 21, 25]).

We prove completeness of the resulting calculus provided that the theory
reasoner satisfies some general requirements. In particular, we require the the-
ory reasoner to be answer-complete for reasoning with unit clauses, and to be
complete for reasoning with ground clauses (formal definitions are given later
in the paper). Our completeness proof is based on the model generation tech-
nique (see [3, 22]), which allows us to justify redundancy elimination based on
a semantic notion of redundant clauses and redundant inferences. We also show
that the instantiation process can be guided by (partial) information on models
for ground clauses.

One of the applications of the presented approach is a method for combining
various calculi with instantiation. It is reasonable to assume that some classes
of formulas can be efficiently treated by instantiation, e.g., near propositional
formulas, whereas other classes by resolution/paramodulation calculi. Therefore,
combinations of various calculi is an important issue. In our approach we can
divide the set of input clauses into two classes: the first class can be taken
as theory clauses and we apply a specialised procedure to them; the second
class are clauses treated with the instantiation calculus. In this case, the theory
reasoner itself can be a logical calculus which satisfies the abstract requirements
on the theory reasoner. We show that the requirements on the theory reasoner
can be naturally satisfied by the ordered paramodulation calculus. Let us note
that in this setting it is natural to use the black-box approach since the theory
axiomatized by the theory part is generally not known in advance.

Our approach for integrating theory reasoning is closely related to theory
resolution [9, 16, 24], (see also work on DPLL(T) [11, 25]). Here we consider full
first-order reasoning in the instantiation-based framework. We are also concerned
with issues of how to restrict instantiation and issues related to permutative
theories.

2 Preliminaries

Let Σ = 〈P ,F〉 be a first-order signature, where P is the set of predicate symbols
and F is the set of function symbols. We assume that P contains the equality
predicate ≃ and F contains the constant ⊥. The term algebra T (F), with the
universe of all ground terms in F is defined as usual by assigning an interpreta-

tion of a function fT (F)(t1, . . . , tn) to f(t
T (F)
1 , . . . , t

T (F)
n ).

A clause is a possibly empty multiset of literals denoting their disjunction
and is usually written as L1 ∨ . . . ∨ Ln; a literal being either an atomic formula
or the negation thereof. The logical constant false is denoted as �. Variables
are usually denoted by x, y, and z, whereas, unless indicated otherwise, letters



a, b and c denote constants. If L is a literal, L denotes the complement of L.
Substitutions are defined as usual and will be denoted by letters ρ, σ, τ , and
θ. We will also use ⊥ to denote the substitution mapping all variables to the
constant ⊥. If S is a set of clauses, by S⊥ we denote all ground clauses obtained
by applying ⊥ to each clause in S. Renamings are injective substitutions which
map variables to variables. Two clauses are variants of each other if one can be
obtained from the other by applying a renaming.

As in our previous work on instantiation ([13, 14]), we consider a refined
notion of instances of clauses called closures. A closure is a pair consisting of a
clause C and a substitution σ written C · σ. We work modulo renaming, that
is, do not distinguish between closures C · σ and D · τ for which C is a variant
of D and Cσ is a variant of Dτ . A closure is called ground if it represents a
ground clause. Let S be a set of clauses and C be a clause in S, then a ground
closure C · σ is called a ground instance of S; we also say that the closure C · σ
is a representation (of the clause Cσ) in S. Truth values for closures are defined
from the truth values of the clauses they represent.

We consider a universally axiomatized background theory T in the signature
Σ 3 and assume that T implies the usual congruence axioms for equality. We are
interested in proving unsatisfiability of sets of clauses modulo T , i.e., in proving
that there is no model of T in which the considered clauses are true. Since the
theory T is universal, from the Herbrand theorem it follows that a set of clauses
is satisfiable in a model of T if and only if it is satisfiable in a Herbrand model of
T . Therefore, we can restrict ourselves to Herbrand models. A Herbrand model
of T , called T -model, is a model of T on the set of all ground terms where all
functions are interpreted as in the term algebra T (F).

We say that a clause C follows from clauses C1, . . . , Cn modulo T (or T -
follows), denoted C1, . . . , Cn |=T C, if for all T -models where C1, . . . , Cn are true,
C is also true. We say that a clause C is T -satisfiable if C is true in a T -model,
likewise we say C is T -unsatisfiable if C is false in all T -models, also denoted as
C |=T �. For two ground clauses C, C′ we write C ↔T C′ if |=T C ↔ C′. For
two ground terms t and s, we write t ≃T s if |=T t ≃ s, and t 6≃T s if 6|=T t ≃ s.
Likewise, we write for a pair of n-tuples of ground terms t̄ ≃T s̄ if ti ≃T si for
all 1 ≤ i ≤ n and write t̄ 6≃T s̄ if for some 1 ≤ i ≤ n, ti 6≃T si. Let us note that
≃T is the least congruence on the term algebra T (F), which satisfies all unit
equational theorems of T , i.e., theorems of the form ∀x̄ t(x̄) ≃ s(x̄).

The Herbrand interpretations we deal with are sometimes partial, given by
sets I of ground literals consistent with T . A clause C is called T -true in a partial
interpretation I, written I |=T C, if C is true in each T -model of I. Otherwise C
is called T -false in I. This is the case when there is a T -model of I in which C is
false. A ground literal L is called T -undefined in I if neither L nor L is T -true in
I. An interpretation I is called total if for each ground literal, I either contains
the literal or its complement.

Our restrictions on the instantiation calculus and completeness proofs are
based on an ordering on closures defined as follows. First we need to adapt the

3 If T is not a universal theory one can consider its Skolemization.



notion of a proper instantiator from [13]. We call a substitution θ a T -proper
instantiator for a clause C if for some variable x in C, xθ⊥ 6≃T x⊥. We will
show that in our instantiation process it is sufficient to consider only T -proper
instantiators. Let ≻ be a total simplification ordering on ground terms such that
⊥ is a minimal term wrt. ≻. We assume that ≻ is defined on ground clauses by a
total, well-founded and monotone extension of the ordering on terms as defined,
e.g., in [22]. Now we lift the ordering ≻ from ground clauses to ground closures.
Let C · σ and D · τ be ground closures. We say that C · σ ≻′ D · τ if either (i)
Cσ ≻ Dτ , or (ii) Cσ = Dτ and there exists a T -proper instantiator θ for C such
that Cθ = D. It is obvious that ≻′ is well-founded. We define ordering ≻ on
closures as any total well-founded extension of ≻′.

3 An informal description of the instantiation procedure

Let us first informally describe our instantiation-based inference process for rea-
soning modulo a universal theory T .

Let S be a given set of first-order clauses. We start by mapping all variables
in all clauses in S, into the distinguished constant ⊥, obtaining a set of ground
clauses S⊥. If S⊥ is T -unsatisfiable, then S is also T -unsatisfiable and we are
done. Otherwise, we non-deterministically select a literal in each clause, obtain-
ing a set of literals L (below we will show how this selection can be guided by
information on a T -model of S⊥). If L is T -satisfiable, then S is T -satisfiable
and we are done. Otherwise, we generate relevant instances of clauses from S
witnessing T -unsatisfiability of L at the ground level. This is done based on
the Unit Calculus (UC). For the refutational completeness of the overall process
we need to ensure that sufficiently many instances of clauses are generated. For
this we require UC to be answer-complete. Finally, we add obtained instances
of clauses to S.

We prove the completeness of this instantiation process, following the steps
below. First, in Section 4, we formulate an abstract calculus UC for reasoning
with unit clauses, and introduce the notion of answer-completeness. Then, in
Section 5, we introduce our main instantiation calculus TInst-Gen, based on
an answer-complete UC, together with redundancy notions. Next, we introduce
the notion of a saturated set of clauses and show that every saturated set can
either be shown to be unsatisfiable by reasoning on ground clauses, or it is
satisfiable (modulo the background theory). In Section 6, we show how such
saturated sets can be achieved via effective fair saturation processes. We conclude
with the theorem which states that every fair saturation process either stops
after a finite number of steps detecting satisfiability/unsatisfiability of the initial
set of clauses, or in the limit we obtain a saturated set and hence the initial
set of clauses is satisfiable (modulo the background theory). In Section 7 we
apply our main theorem for combining the ordered paramodulation calculus
with instantiation.



4 The Unit Calculus

In this section we formulate requirements on the theory reasoner, wrt. reasoning
with literals. This will be done in terms of an abstract calculus UC for proving
T -unsatisfiability of sets of (selected) literals, which also provides substitutions
for generating relevant instances witnessing T -unsatisfiability.

The Unit Calculus (UC)
L1, . . . , Ln

L1θ, . . . , Lnθ

where θ is such that L1θ⊥ ∧ . . . ∧ Lnθ⊥ |=T �.

We assume that literals in the premise do not share variables. Let us note that
the premise of UC may contain variants of the same literal.

The unit calculus will be used to generate instantiations based on T -unsatisfiable
sets of literals, ensuring that the inconsistency can be detected by a theory rea-
soner for ground clauses.

Next we introduce the notion of answer-completeness, which is needed for
overall completeness of the instantiation process. We say that UC is answer-
complete wrt. (T,≻), if the following holds. Let L = {L1, . . . , Ln} be a set of
literals and τ be a grounding substitution such that (i) Lτ is T -unsatisfiable and
(ii) every proper subset of Lτ is T -satisfiable. Then, there is an inference in UC
with L1, . . . , Ln as a premise and L1θ, . . . , Lnθ as a conclusion and a grounding
substitution ρ such that x̄τ ≃T x̄θρ and x̄τ � x̄θρ. Let us note that an answer-
complete UC calculus can produce any other instantiations, so in practice we do
not need to check condition (ii) that every proper subset of Lτ is T -satisfiable.

Intuitively, answer-completeness requires UC to instantiate T -unsatisfiable
sets of literals, with the restriction that we only need to consider instantiators
generalizing minimal (wrt. ≻) representatives of the congruence classes defined
by T . In Section 8, we show that it is possible to weaken the latter restriction
further, to possibly non-minimal representatives, which is more natural in the
presence of permutative subtheories.

5 The Instantiation Calculus (TInst-Gen)

In this section we introduce the instantiation calculus TInst-Gen and prove that
if a set of clauses S is saturated wrt. TInst-Gen, then either S⊥ is already
T -unsatisfiable and therefore a theory reasoner for ground clauses can detect
the unsatisfiability, or S is T -satisfiable. In Section 6 we show how to achieve
saturated sets.

Selection function. Our inference system will be guided by a selection function
on clauses which will be based on a model for the ground clauses S⊥. A selection
function sel for a set of clauses S is a mapping from clauses in S to literals such
that sel(C) ∈ C for each clause C ∈ S. We say that sel is based on a model I⊥
of S⊥, if I⊥ |= sel(C)⊥ for all C ∈ S.



Let UC be an answer-complete wrt. (T,≻) calculus for literals and let sel be
a selection function. We define TInst-Gen based on UC and sel as follows.

TInst-Gen
L1 ∨ C1 . . . Ln ∨ Cn

(L1 ∨ C1)θ . . . (Ln ∨ Cn)θ

where (i) the literal Lk is selected by sel in the clause Lk∨Ck, for 1 ≤ k ≤ n,
(ii) there is an inference in UC with L1, . . . , Ln as a premise and L1θ, . . . , Lnθ
as a conclusion, (iii) θ is a T -proper instantiator for at least one of L1, . . . , Ln.

Redundancy. Now we adapt the semantic notion of redundancy from [13]. Let
S be a set of clauses. A ground closure C is called T -redundant in S if there
exist closures C1, . . . , Ck that are ground instances of S such that, (i) for each i,
C ≻ Ci, and (ii) C1, . . . , Ck |=T C. A clause C (possibly non-ground) is called T -
redundant in S if each ground closure C ·σ is T -redundant in S. An inference with
premises C1, . . . , Cn and a unifier θ (thus deriving conclusions C1θ, . . . , Cnθ) is
T -redundant in S if for any substitution ρ grounding all the Ciθ there exists an
index i0 such that Ci0 · θρ is T -redundant in S.

A set of clauses S is called TInst-saturated up to redundancy wrt. a selection
function sel if all inferences in TInst-Gen with premises from S are T -redundant
in S.

Theorem 1. Let S be a set of clauses such that S⊥ is T -satisfiable and sel be a
selection based on a T -model I⊥ of S⊥. If S is TInst-saturated up to redundancy
wrt. sel then S is T -satisfiable.

Proof. Suppose that S is a set of clauses such that S⊥ is satisfied in a T -model
I⊥, and sel is a selection function based on I⊥. By induction over ≻ we construct
a candidate T -model IS for all ground instances of S. Let C = C′ ·σ be a ground
instance of S. Suppose, as an induction hypothesis, we have defined sets of literals
ǫD, for all ground instances D of S smaller than C wrt. ≻. Let IC denote the
set

⋃
C≻D ǫD. Then, define ǫC = {Lσ}, if

1. C is T -false in IC (i.e., there is a T -model of IC in which C is false); and
2. L is a literal in C′ such that Lσ is T -undefined in IC (i.e., neither IC |=T Lσ

nor IC |=T Lσ holds) and sel(C′) = L.

Otherwise define ǫC = ∅. In the case when ǫC = {Lσ} we say that Lσ is produced
by C. Finally, define IS to be the union of all ǫC where C is an instance of S.

Let us first show that IS is consistent with T . Otherwise, by compactness,
there would be a finite set of literals L1σ1, . . . , Lnσn in IS which is contradic-
tory with T . Let Liσ be produced by a closure Ci for 1 ≤ i ≤ n, and Cj be
the maximal wrt. ≻ closure among them. Then, we have ICj

|=T Ljσj , which
contradicts the productiveness of Cj .

Let S be a set of clauses saturated under TInst-Gen and I be a total extension
of IS , consistent with T . We will show that I is a model for all ground instances
of S.



First we note that our model construction is monotone: if a ground closure
D is T -true in some IC then it is T -true in all IC′≻C and also true in I.

Now, by induction on ≻ we show that every ground instance D of S, is T -true
in ID ∪ ǫD. From this the theorem follows. Assume otherwise. Let D = D′ · σ be
the minimal ground instance of S that is not T -true in ID ∪ ǫD. Let L = sel(D′).
As D is not productive and T -false in ID we have ID |=T Lσ. By compactness,
there is a finite set C1 · τ1, . . . , Cn · τn of closures, producing L1τ1, . . . , Lnτn

such that L1τ1 ∧ . . . ∧ Lnτn |=T Lσ. We can assume that no proper subset of
{L1τ1, . . . , Lnτn} T -implies Lσ. First we show that neither D nor any of Ci · τi

is T -redundant in S. Indeed, if Ci · τi would T -follow from smaller closures in S,
then by the induction hypothesis these closures would be T -true in ICi·τi

and
hence Ci · τi would not be productive. Similarly, if D′ · σ would T -follow from
smaller closures in S, it would be T -true in ID contradicting the assumption.

It will be convenient to introduce a substitution τ which is the composition
of all substitutions σ, τ1, . . . , τn, we assume that all clauses D′, C1, . . . , Cn are
renamed apart.

Since the inference system for unit clauses UC is answer-complete wrt. (T,≻),
we have that there is a UC inference with the premise L, L1, . . . , Ln and the
conclusion Lθ, L1θ, . . . , Lnθ such that for a grounding substitution ρ, x̄τ ≃T

x̄θρ and x̄τ � x̄θρ. Let us show that θ is a T -proper instantiator for at least
one of L, L1, . . . , Ln. Otherwise, we would have x̄⊥ ≃T x̄θ⊥, where x̄ are all
variables in L, L1, . . . , Ln. This implies that L⊥ ↔T Lθ⊥, Li⊥ ↔T Liθ⊥ for
1 ≤ i ≤ n. Since Lθ, L1θ, . . . , Lnθ is a conclusion of a UC inference, we have
that Lθ⊥∧L1θ⊥∧ . . .∧Lnθ⊥ |=T � and therefore L⊥∧L1⊥∧ . . .∧Ln⊥ |=T �,
which contradicts that L⊥ and each Li⊥ are true in a T -model I⊥.

Since θ is a T -proper instantiator we have that TInst-Gen is applicable to
D′, C1, . . . , Cn, with the conclusion D′θ, C1θ, . . . , Cnθ. To derive a contradiction,
let us show that this inference is not redundant. For this it is sufficient to show
that all closures D′ · θρ, C1 · θρ, . . . , Cn · θρ are not redundant. Consider D′ · θρ.
From x̄τ � x̄θρ and monotonicity of � it follows that D′ · σ = D′ · τ � D′ · θρ.
Moreover D′σ ↔T D′θρ. Hence if D′ ·θρ T -follows from smaller closures then D′ ·
σ also T -follows from these closures, this contradicts that D′ ·σ is not redundant
which was shown above. In the same way one can show that C1 · θρ, . . . , Cn · θρ
are not redundant.

Theorem 1 implies that if a set of clauses S is TInst-saturated up to redun-
dancy then we can check T -satisfiability of S by checking T -satisfiability of the
ground set of clauses S⊥. This can be done by a theory reasoner for ground
clauses. In order be able to use the TInst-Gen calculus for TInst-saturation we
need to show that adding the conclusion of an TInst-Gen inference to S makes
the inference redundant.

Lemma 1. Let S be a set of clauses. Consider a TInst-Gen inference, apply-
ing substitution θ and a clause Cθ in the conclusion, for which θ is a T -proper
instantiator (note that such a clause always exists). Then, the inference is re-
dundant if either Cθ is in S or is redundant in S. In particular, adding Cθ to
S makes the inference redundant.



Proof. Let Cθ be in S. Since θ is T -proper for C we have that for every ρ,
C · θρ ≻ Cθ · ρ, and therefore C · θρ is redundant in S. This shows that the
inference is redundant. The case when Cθ is redundant in S is similar.

6 Effective saturation

In this section we show how TInst-Gen saturation of a set of clauses can be
achieved as a limit of a fair saturation process.

A TInst-saturation process is a sequence {〈Si, sati⊥, seli〉}∞i=1, where (i) Si is a
set of clauses, (ii) sat

i
⊥ is a procedure for checking T -satisfiability of finite sets of

ground clauses, (iii) sel
i is a selection function. In addition, we require {sati⊥}

∞
i=1

and {seli}∞i=1 to satisfy some natural requirements below.
Given {〈Si, sati⊥, seli〉}, a successor state {〈Si+1, sati+1

⊥ , seli+1〉} is obtained
by one of these steps: (i) Si+1 = Si ∪ N , where N is a set of clauses such
that Si |=T N ; or (ii) Si+1 = Si \ {C}, where C is TInst-redundant in Si.
If sat

i+1
⊥ (Si+1⊥) returns ”unsatisfiable”, then the process terminates with the

result “unsatisfiable”. Define S∪ = ∪∞
i=1S

i. Let S∞ denote the set of persisting
clauses, that is, the lower limit of {Si}∞i=1, (i.e., S∞ = ∪i≥1 ∩j≥i Sj).

In certain applications, e.g., when the theory is given as a part of the input
clause set, it is natural to assume that the theory reasoner can only semi-decide
T -unsatisfiability of sets of ground clauses. This is reflected in the requirements
on {sati⊥}

∞
i=1 and the selection functions {seli}∞i=1 below.

Requirements on sat⊥.

Soundness. For every finite set of clauses Sfin ⊆ S∪, we have: (i) If sat
i
⊥(Sfin⊥)

returns ”unsatisfiable” then Sfin⊥ is T -unsatisfiable. (ii) If sat
i
⊥(Sfin⊥) returns

”satisfiable” then Sfin⊥ is T -satisfiable.

Completeness. For every finite set of clauses Sfin ⊆ S∞, we have: If Sfin⊥ is

T -unsatisfiable then there exists i such that for all j ≥ i, sat
j
⊥(Sfin⊥) returns

”unsatisfiable”.

Termination. For every finite subset Sfin ⊆ S∪ and every i, sat
i
⊥(Sfin⊥) is

terminating, possibly returning ”unknown”.

The Requirement on sel. For a TInst-saturation process {〈Si, sati⊥, seli〉}∞i=1,
it is desirable that at each step i the selection functions sel

i is based on a T -model
of Si⊥. Since we assume that at a step i we do not know all information about
T -models of Si⊥, we need a weaker requirement on the selection functions.
We require that selection functions only eventually respect the models. More
formally, the following should hold: either (i) some finite subset of S∞⊥ is T -
unsatisfiable (hence unsatisfiability will be detected by sat

i
⊥ for some i), or (ii)

for each finite subset Sfin ⊆ S∞ there is an index i′ such that for all i ≥ i′ we
have that for each C ∈ Sfin , sel

i(C)⊥ is true in some T -model Ii
⊥ of Sfin⊥.



Next, in order to ensure that in the limit of a TInst-saturation process we
always obtain a TInst-saturated set, we require the saturation process to be
TInst-fair. Consider a TInst-saturation process {〈Si, sati⊥, seli〉}∞i=1. A TInst-Gen
inference from clauses {L1 ∨ C1, . . . , Ln ∨ Cn} (on literals L1, . . . , Ln) in S∞ is
called persisting if there are infinitely many indexes i such that seli(Lk ∨ Ck) =
Lk for all 1 ≤ k ≤ n and conditions (i-iii) on applicability of TInst-Gen to
these clauses are satisfied. A TInst-saturation process is called TInst-fair if every
persisting TInst-Gen inference in S∞ is redundant in Sk for some k. Let us note
we can make a TInst-Gen inference redundant by simply adding the conclusion
of the inference to the current clause set (see Lemma 1).

If we compare our notion of saturation to saturation in the resolution frame-
work (e.g., [3]), then one of the key differences is that the literal selection can
change at each step of the saturation. In particular, we need to consider an ad-
ditional problem of showing that in the limit of a TInst-fair saturation process,
we obtain a TInst-saturated set wrt. some selection function based on a T -model
of the limit set of ground clauses. In the proof of the main Lemma 3 we will use
the following auxiliary lemma. For a set of clauses S, let Cl(S) denote the set of
all ground closures in S and R(S) denote all redundant ground closures in S.

Lemma 2. Let S∞ be the set of persistent clauses of a TInst-saturation process
{〈Si, sati⊥, seli〉}∞i=1 and S∪ = ∪∞

i=1S
i. Then, Cl(S∪)\R(S∪) = Cl (S∞)\R(S∞).

Proof. We first show that for any set of clauses S′, if a ground closure is re-
dundant in S′ then it is also redundant in Cl(S′) \ R(S′). Assume otherwise.
Let D be a minimal (wrt. ≻) ground closure that is redundant in S′ and not
redundant in Cl(S′) \R(S′). Then, D T -follows from smaller closures in S′ and
by the induction hypothesis each of them is either redundant in Cl(S′) \ R(S′)
or is in Cl(S′)\R(S′). This contradicts the assumption that D is not redundant
in Cl(S′) \ R(S′).

Now we prove the statement of the lemma.
(⊆) It is obvious that if a ground closure C·σ ∈ Cl (S∪) is not redundant in S∪

then it is also not redundant in Sk for any k, so C ∈ S∞. Since S∞ ⊆ S∪, we have
C ·σ is not redundant in S∞ and therefore Cl (S∪) \R(S∪) ⊆ Cl(S∞) \R(S∞).

(⊇) Assume that Cl (S∪) \ R(S∪) 6⊇ Cl(S∞) \ R(S∞). Let D be a ground
closure in Cl (S∞)\R(S∞) but not in Cl(S∪)\R(S∪). We have that D ∈ R(S∪)
and hence T -follows from smaller closures in S∪. By the statement proved above
D is also T -follows from smaller closures in Cl(S∪)\R(S∪), but by (⊆) direction
these closures are also in Cl (S∞) \ R(S∞) and therefore D is redundant in
Cl(S∞). This contradicts our choice of D.

In particular, this lemma implies that if a ground closure is redundant in Sk for
some k then this closure is also redundant in S∞.

Now we are ready to show that for the limit S∞ of a TInst-fair saturation
process, such that S∞⊥ is satisfiable, we can build a T -model I⊥ and a selection
function sel, based on I⊥ such that S∞ is TInst-saturated wrt. sel.



Lemma 3. Let S∞ be a set of persistent clauses of a TInst-fair saturation pro-
cess {〈Si, sati⊥, seli〉}∞i=1, and S∞⊥ is T -satisfiable. Then, there exists a T -model
I⊥ of S∞⊥ and a selection function sel based on I⊥ such that S∞ is TInst-
saturated wrt. sel.

Proof. Let {Ci}∞i=1 be an enumeration of clauses in S∞. For each n we construct
a partial interpretation Jn in which all {Ci⊥}i=n

i=1 are true and a selection func-
tion sel

n
J based on Jn (meaning that sel

n
J(Ci)⊥ is true in Jn, i.e., true in all

total consistent extensions of Jn) by induction on n. For each n the following
invariants will be satisfied.

1. Jn is T -consistent and sel
n
J is a selection function for clauses {Ci}i=n

i=1 based
on Jn.

2. Jn−1 ⊆ Jn and sel
n
J coincides with sel

n−1
J on clauses {Ci}

i=n−1
i=1 .

3. There are infinitely many k such that for a T -model Ik
⊥ of Sk⊥ we have

Jn ⊆ Ik
⊥ and for all 1 ≤ l ≤ n, sel

k(Cl) = sel
n
J(Cl).

If n = 1, then from the Requirement on sel it follows that there exists L ∈ C1

such that for infinitely many k, L ∈ sel
k(C1) and L⊥ is true in a T -model Ik⊥

of Sk⊥. We take J1 = {L⊥} and sel
1
J (C1) = {L}. It is easy to see that all

invariants (1–3) on J1, sel
1
J are satisfied.

Let n ≥ 1 and assume that we have a model Jn and sel
n
J for {Ci⊥}i=n

i=1 such
that invariants (1–3) are satisfied. Since Cn+1 ∈ S∞ we have that for some m
and every p ≥ m the following holds: (i) Cn+1 ∈ Sp and (ii) sel

p(Cj)⊥ is true
in a T -model Ip

⊥ of {Ci}
i=n+1
i=1 ⊥, for 1 ≤ j ≤ n + 1. From this and invariant

(3) it follows that for some L ∈ Cn+1 there are infinitely many k such that
Jn ⊆ Ik

⊥, and sel
k(Cl) = sel

n
J(Cl) for all 1 ≤ l ≤ n, and sel

k(Cn+1) = L. Define
Jn+1 = Jn ∪ {L⊥} and sel

n+1
J (Cl) = sel

n
J (Cl) for 1 ≤ l ≤ n, sel

n+1
J (Cn+1) = L.

It is easy to see that all invariants (1–3) are satisfied for Jn+1 and sel
n+1
J .

We define J = ∪∞
i=1Ji and sel(Ci) = sel

i
J(Ci) for i ≥ 1. From compactness

and invariants (1) and (2), it follows that J is T -consistent, and sel is a selection
function based on J . We define I⊥ as a total T -consistent extension of J , (note
that sel is also based on I⊥).

Now we need to show that S∞ is TInst-saturated wrt. sel. Consider a TInst-
Gen inference from clauses {L1∨C1, . . . , Ln∨Cn} in S∞ such that sel(Lk∨Ck) =
Lk for all 1 ≤ k ≤ n. Then, from the construction of sel and in particular from the
invariant (3) it follows that for infinitely many indexes i we have sel

i(Lk ∨Ck) =
Lk for all 1 ≤ k ≤ n. Since the TInst-saturation process is fair, this inference is
redundant in Sk for some k. To show that the inference is also redundant in S∞

it is sufficient to show that if a ground closure C is redundant in Sk for some k
then C is also redundant in S∞. This immediately follows from Lemma 2.

We summarize the obtained results in the following theorem.

Theorem 2. Let {〈Si, sati⊥, seli〉}∞i=1, be a TInst-fair saturation process. Then,
either (1) for some i the procedure sat

i
⊥(Si⊥) returns ”unsatisfiable” and there-

fore our initial set S1 is T -unsatisfiable, or (2) for all i, sat
i
⊥(Si⊥) returns either



”unknown” or ”satisfiable” and therefore, (by Lemma 3 and Theorem 1) S1 is T -
satisfiable. Moreover if for some i, Si is TInst-saturated and sat

i
⊥(Si⊥) returns

”satisfiable” then at this step we can conclude that S1 is T -satisfiable.

Theorem 2 can be applied as follows. Assume that we have an answer-
complete theory reasoner for unit clauses and a theory reasoner for ground
clauses satisfying the requirements above. Then, based on the TInst-Gen calcu-
lus, we can form a TInst-fair saturation process for any set of clauses. Theorem 2
implies that this will be a complete procedure for reasoning modulo this theory.
In the next section we will give an example of an application of this approach
for combining the ordered paramodulation calculus with instantiation.

7 Combining instantiation with other calculi

In this section we show that the presented approach to theory reasoning is also
suitable for combining the instantiation calculus with other calculi. The idea is
to divide the set of input clauses into two classes: the first class can be taken as
theory clauses and we apply a specialized procedure to them, the second class
are the clauses treated with the instantiation calculus. In this case the theory
reasoner itself can be a logical calculus which satisfies the abstract requirements
introduced above.

As an example, we consider the case when theory clauses are Horn, pos-
sibly containing equality and clauses treated by instantiation contain equality
only negatively, other predicates can occur positively and negatively. In order
to satisfy conditions on the theory reasoner we first need an answer-complete
procedure for reasoning with literals. This can be obtained based on ordered
paramodulation combined with answer computations on selected literals. Such
procedures, complete for answer computations, are well-studied (see [20]). Sec-
ondly, we need a procedure for theory reasoning with ground clauses. For this we
can interleave ordered paramodulation with propositional reasoning, which can
be done in the DPLL(T) framework [21, 25]. Let us remark that for the theory of
lists and some other data structures we can use paramodulation based decision
procedures for ground reasoning, studied in [1].

It is not difficult to define a TInst-fair saturation process interleaving ordered
paramodulation between theory clauses, ground satisfiability checking and an-
swer computation on selected literals with corresponding instantiation. Now we
can apply Theorem 2 to show that the obtained combination of paramodulation
type calculus and instantiation is complete for this class of clauses.
Remarks. Let us first note that based on our notion of redundancy we can easily
justify redundancy elimination and in particular simplifications of instantiation
clauses by theory clauses, such as demodulation, subsumption and T -tautology
deletion. Next, we note that for answer computation we can employ other answer-
complete calculi, for example calculi designed for E-unification (see [2, 10, 19]).

Now we consider the issue of a modular integration of existing reasoners for
ground clauses. One of the main issues here is that usually off-the-shelf reasoners



for ground clauses can reason only modulo some subtheory T ′ of the background
theory T . (For example T ′ can be the theory of equality and T extends T ′ with
some theory clauses.) Next we show how to design a reasoner for ground clauses
modulo T based on a reasoner for ground clauses modulo a weaker theory T ′

and additional ground lemmas that can be generated by a T -reasoner for unit
clauses. Such a reasoner will be sufficient for the completeness of the instantiation
process modulo T .

Let S be a given set of clauses and T ′ ⊆ T . Let L = {L1, . . . , Ln} be a
set of literals. A T ′-witness (of T -unsatisfiability) for L⊥ is a set of ground
clauses W = {C1, . . . Cm} such that (i) S |=T Ck for 1 ≤ k ≤ m and (ii) if
L⊥ |=T � then L⊥ ∪ W |=T ′ �. In particular, if L⊥ is T -unsatisfiable and W
is a T ′-witness for L⊥, then a T ′ reasoner can be used to show that L⊥ ∪ W is
T ′-unsatisfiable. Now we formalise a saturation process based on a T ′ reasoner
for ground clauses, assuming that we are provided with necessary T ′-witnesses of
T -unsatisfiability. A TWInst-saturation process with T ′-witnesses is a sequence
{〈Si, sati⊥, seli, W i〉}∞i=1 such that the following holds. At each saturation step the
clause set is modified as in a usual TInst-saturation. The witness set is modified
as follows: W 1 = ∅ and either W i+1 = W i or W i+1 = W i ∪ {C1, . . . , Cn},
where {C1, . . . , Cn} is a finite set of ground clauses such that S1 |=T Ck for
1 ≤ k ≤ n. If for some i, sat

i
⊥(Si⊥ ∪ W i) returns ”unsatisfiable”, then the

saturation process terminates with the result “unsatisfiable”. We assume that
sat⊥, sel and W satisfy the following requirements, where we use ′ to distinguish
new requirements from the requirements on sat⊥ and sel in Section 6.

Requirements′ on sat⊥.

Soundness′. For every finite set of clauses Sfin ⊆ S∪, and every i we have: (i)
If sat

i
⊥(Sfin⊥ ∪ W i) returns ”unsatisfiable” then Sfin⊥ ∪ W i is T ′-unsatisfiable

(and therefore T -unsatisfiable). (ii) If sat
i
⊥(Sfin⊥∪W i) returns ”satisfiable” then

Sfin⊥ ∪ W i is T ′-satisfiable and W i is a T ′-witness for {L⊥|L = seli(C), C ∈
Sfin} (and therefore Sfin⊥ is T -satisfiable).

Completeness′. For every finite set of clauses Sfin ⊆ S∞, we have: If Sfin⊥∪

W i is T ′-unsatisfiable then there exists i such that for all j ≥ i, sat
j
⊥(Sfin⊥∪W j)

returns ”unsatisfiable”.

Termination′. For every finite subset Sfin ⊆ S∪ and every i, sat
i
⊥(Sfin⊥∪W i)

is terminating, possibly returning ”unknown”.

The Requirement′ on W . Let {L1 ∨ C1, . . . , Ln ∨ Cn} ⊆ S∞, and for
infinitely many i we have Lk = sel

i(Lk ∨ Ck) for 1 ≤ k ≤ n. Then, for some j,
W j is a T ′-witness for {L1⊥, . . . , Ln⊥}.

The Requirement′ on sel. The following should hold: either (i) for some j
and some finite subset Sfin ⊆ S∞ we have Sfin⊥∪W j is T ′-unsatisfiable (hence
unsatisfiability will be detected by sat

i
⊥ for some i), or (ii) for each finite subset

Sfin ⊆ S∞ there is an index i′ such that for all i ≥ i′ we have that for each
C ∈ Sfin , sel

i(C)⊥ is true in some T ′-model Ii
⊥ of Sfin⊥ ∪ W i.

Let us remark that based on a sound and complete T ′-reasoner for ground
clauses we can easily define {sati⊥}

∞
i=1 and {seli}∞i=1 satisfying the above require-

ments.



In order to apply our main Theorem 2 we need to show that for a TWInst-
saturation process {〈Si, sati⊥, seli, W i〉}∞i=1, we have {〈Si, sati⊥, seli〉}∞i=1 is also a
TInst-saturation process. The only nontrivial cases to check are the Complete-
ness requirement on sat⊥ and the Requirement on sel. Let Sfin ⊆ S∞ such that
Sfin⊥ is T -unsatisfiable. Let us show that in this case the TWInst-saturation
process is finite. Otherwise Sfin = {L1 ∨ C1, . . . , Ln ∨ Cn}, where for infinitely
many i we have Lk = sel

i(Lk ∨ Ck) for 1 ≤ k ≤ n. From the Requirement′

on W it follows that for some j, W j is a T ′-witness for L = {L1⊥, . . . , Ln⊥}.
Therefore, L⊥∪W j is also T ′-unsatisfiable which contradicts the Requirement′

on sel. From this it follows that the TWInst-saturation process terminates with
”unsatisfiable” and therefore the Completeness requirement is satisfied. Using
similar considerations we can show that the Requirement on sel is also satisfied.

We define the notion of the TWInst-fair saturation process in the same way
as TInst-fair saturation. From Theorem 2 we obtain.

Corollary 1. Let {〈Si, sati⊥, seli, W i〉}∞i=1, be a TWInst-fair saturation process.
Then, either (1) for some i the procedure sat

i
⊥(Si⊥∪W i) returns ”unsatisfiable”

and therefore our initial set S1 is T -unsatisfiable, or (2) for all i, sat
i
⊥(Si⊥∪W i)

returns either ”unknown” or ”satisfiable” and therefore, S1 is T -satisfiable.
Moreover if for some i, Si is TInst-saturated and sat

i
⊥(Si⊥∪W i) returns ”sat-

isfiable” then at this step we can conclude that S1 is T -satisfiable.

The only issue left to consider is how to generate witness sets. Let us consider
the case when T ′ is the theory of equality and the theory reasoner for unit
clauses is based on the ordered paramodulation calculus. In order to satisfy the
Requirement′ on W , we need to ensure that if a set of literals L = {L1, . . . , Ln}
is persistently selected and L⊥ is T -unsatisfiable then for some i, L⊥ ∪ W i is
T ′-unsatisfiable. Since the T -reasoner for unit clauses is answer-complete a proof
of the empty clause will be generated from theory clauses and L. If we propagate
substitutions in such a proof from the root to the leaves (as it is done in [14] in
a different context), we obtain a proof of the empty clause from the instances of
the theory clauses, denoted as Tinst , and L where all substitutions map variables
to variables. Therefore we have that Tinst⊥ ∪ L⊥ is T ′-unsatisfiable. Adding
instantiations of the theory clauses Tinst to the witness set will produce the
desired effect. Let us remark that clauses in the witness sets do not participate
in the instantiation inferences and are only used as lemmas for the T ′-reasoner
on ground clauses.

Example 1. Let T ′ be the theory of equality. Let T extend T ′ with the axiom:

A1 : ¬P (g(x), y) ∨ f(h(x), y) ≃ g(x).

Let S1 be the set of clauses:

C1 : ¬P (f(x, y), c) ∨ ¬P (x, c) C2 : P (g(x), c) ∨ ¬P (h(x), c) C3 : P (h(x), c).

We assume that theory reasoning for unit clauses is based on the ordered paramod-
ulation/resolution calculus wrt. the lexicographic path ordering with the prece-
dence P ≫ f ≫ h ≫ g. We assume that the ground reasoner is based on



T ′ and the witness set W 1 = ∅. Let us describe a possible TWInst-fair sat-
uration process. First, we apply a ground reasoner modulo T ′ on S1⊥ which
selects ¬P (f(x, y), c) in C1, P (g(x), c) in C2, and P (h(x), c) in C3, note that
{¬P (f(⊥,⊥), c), P (g(⊥), c), P (h(⊥), c)} is T ′-satisfiable. Then we apply the rea-
soner for unit clauses on the set of selected literals {¬P (f(x, y), c), P (g(x), c),
P (h(x), c)}. We derive the empty clause by resolving A1 with P (g(x), c) obtain-
ing f(h(x), c) ≃ g(x), then paramodulating f(h(x), c) ≃ g(x) into ¬P (f(x, y), c)
obtaining ¬P (g(x), c) and finally resolving ¬P (g(x), c) with P (g(x), c). Propa-
gating substitutions in this proof (we need to be careful to rename variables)
from the root to the leaves, we obtain an instance of C1, C′

1 : ¬P (f(h(x), c), c)∨
¬P (h(x), c) and an instance of A1, A′

1 : ¬P (g(x), c)∨ f(h(x), c) ≃ g(x). We add
C′

1 to S and A′
1⊥ to the witness set W . At the next step the T ′ reasoner for

ground clauses is able to detect unsatisfiability of S2⊥ ∪ W 2 and therefore the
initial set S1 is T -unsatisfiable.

8 Permutative Theories

In this section we show that it is possible to relax conditions on answer-completeness
to appropriately accommodate reasoning modulo theories containing permuta-
tive axioms such as associativity and commutativity (AC). Let TP be a subtheory
of the theory T . Intuitively we want the unit calculus to avoid producing all per-
mutations of witnesses equivalent wrt. TP . For this we first need to define an
appropriate TP -compatible closure ordering. In order to ensure that such an or-
dering exists we impose the following restrictions on the theory TP . Later we
show that these restrictions are satisfied by permutative theories such as AC.

Condition on TP (1). There exists a TP -compatible simplification ordering ≻TP

on ground terms which is total on TP congruence classes. An ordering ≻TP
is

called TP -compatible if the following holds: if t ≻TP
s, t ≃TP

t′ and s ≃TP

s′ then t′ ≻TP
s′. We assume that ≻TP

is also defined on all ground clauses
by an extension from ground terms, which is also a TP -compatible TP -total
simplification ordering on ground clauses.

Now we lift the ordering ≻TP
from ground clauses to ground closures. For

this we need an auxiliary relation ≻′
TP

on closures. Let C ·σ and D · τ be ground
closures. We say that C ·σ ≻′

TP
D · τ if either (i) Cσ ≻TP

Dτ or (ii) there exists
a T -proper instantiator θ for C such that Cθ = D and x̄σ ≃TP

x̄θτ . Next, we
would like to extend ≻′

TP
to a well-founded order on closures. Let us show that

it is not always possible for certain theories TP . Indeed, let ≃TP
be the theory

of equality together with the axiom f(f(x)) ≃ x. Then, we would have that

A(f(x)) · [c/x] ≻′
TP

A(f(f(x))) · [f(c)/x] ≻′
TP

A(f(f(f(x)))) · [c/x] ≻′
TP

· · · .

Therefore we impose the following condition on TP .

Condition on TP (2): ≻′
TP

is well-founded. Now we can define ≻TP
on ground

closures as a TP -total, well-founded ordering extending ≻′
TP

. Note that such an



extension always exists, since any well-founded relation can be extended to a
total well-founded ordering. We call ≻TP

a closure ordering wrt. TP .
Now we show that for some important subtheories TP , the ordering require-

ments on TP can be satisfied.

Lemma 4. Let TP be a theory such that Condition (1) is satisfied and each TP

congruence class of ground terms is finite. Then TP satisfies Condition (2).

Proof. Let us show that ≻′
TP

is well-founded. Indeed, consider an infinite chain
of closures C1 ≻′

TP
C2 ≻′

TP
· · · . Since ≻TP

is well-founded on ground clauses,
we have that starting from some i, Ci+k and Ci+k+1 satisfy the condition (ii)
from the definition of ≻′

TP
, (for all k ≥ 0). Therefore we have an infinite chain:

C · σ ≻′
TP

Cθ1 · σ1 ≻′
TP

Cθ1θ2 · σ2 ≻′
TP

· · · ≻′
TP

Cθ1 · · · θi · σi ≻
′
TP

· · ·

where x̄σ ≃TP
x̄θ1σ1 ≃TP

· · · ≃TP
x̄θ1 · · · θiσi ≃TP

· · · . But this is impossible
since each θi is a T -proper instantiator and therefore has a depth of at least 1
but each TP congruence class contains only a finite number of terms.

Corollary 2. For the theory associativity and commutativity Conditions (1-2)
can be satisfied.

Now, assume that a subtheory TP of our background theory T satisfies Condi-
tions (1-2). Let ≻TP

be a closure ordering wrt. TP . Now we can relax restrictions
on answer-completeness by considering �TP

in place of �. It is straightforward
to check that all our previous considerations and theorems will hold in this case.

9 Conclusion

In this paper we have presented a framework for integrating theory reasoning into
instantiation-based theorem proving. This integration is done in the black-box
style, which allows us to integrate different theories in a uniform way. Moreover
in this way we can combine different calculi with the instantiation process by
treating part of the input clauses as theory clauses. We also show how in this
framework it is possible to employ efficient off-the-shelf satisfiability solvers for
ground clauses modulo theories. For completeness of the resulting process we
impose some general requirements on the theory reasoner and show that these
requirements can be naturally satisfied by calculi based on ordered paramodu-
lation. One of our main results is the theorem which implies that if the theory
reasoner satisfies the requirements then any fair instantiation process will be
complete for reasoning modulo this theory. Moreover, we show how this pro-
cess can be guided by (partial) information on models for ground clauses. In
addition, our framework allows to justify redundancy elimination based on a
semantic notion of redundant clause and redundant inference.

For future work let us mention extending our approach to theories with
particular properties, like Shostak theories [12]. This would help to integrate
reasoning with fragments of Arithmetic. It would also be interesting to study



the relationship between our approach and hierarchical reasoning [4]. Currently
the implementation of the instantiation calculus is in progress 4 which will be
used to evaluate practical applicability of the proposed methods.
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