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Abstract. In this paper we define a model of randomly generated databases and
show how one can compute the threshold functions for queries expressible in
monotone non-recursive datalog#. We also show that monotone non-recursive
datalog” cannot express any property with a sharp threshold. Finally, we show
that non-recursive datalog” has a 0 — 1 law for a large class of probability func-
tions, defined in the paper.

1 Introduction

In this paper we consider random databases, in which relations are generated based on
some standard probability distributions. Namely, we assume that every tuple belongs to
a relation with an equal probability p, called the tuple probability. Similar probabilis-
tic models have been intensively studied in the theory of random graphs (see e.g. [2,
11]), but also in the database theory (see e.g. [15, 10,4]). We are interested in investi-
gating the behavior of queries expressible in database query languages on the random
databases. There are several interesting questions that can be asked about such queries,
for example, calculating the probability of a query to be true as a function of p and
the domain size. One of the most important characteristics of probabilistic behavior
of monotone properties of structures is their threshold functions. The threshold func-
tions can be used for characterizing asymptotic probabilistic behavior of queries, that
is, probabilistic behavior when the database is growing. Intuitively, if a database grows
faster than the threshold function, then the probability of the query to be true converges
to 1; likewise, if a database grows slower than the threshold function, then the proba-
bility of the query to be true converges to 0. Although it is known that every monotone
property has a threshold function, the problem of determining threshold functions for
particular properties of random structures is an active research area in combinatorics.
In this paper we show how one can compute the threshold functions for queries ex-
pressible in monotone non-recursive datalog?. We also introduce a notion of density of
queries expressible in this language and show the exact relationship between densities
and threshold functions of the queries.

Another natural question is the power of databases query languages to express some
phenomena related to randomly generated structures. For example, it is known that
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some monotone properties actually have a sharp threshold (see, e. g.,[8]). Finding in-
teresting properties with a sharp threshold or identifying whether some natural proper-
ties have a sharp threshold are questions intensively studied in combinatorics, and in
particular in the theory of random graphs. We are interested in studying the expressive
power of query languages on random databases with respect to the threshold behavior.
In particular, we show that monotone non-recursive datalog# cannot express any prop-
erty with a sharp threshold. It is not hard to give an example of a first-order property
having a sharp threshold, which shows that relatively simple extensions of monotone
non-recursive datalog” can express such properties. However, the exact relation be-
tween query languages and expressibility of properties with a sharp threshold remains
an open question.
The main contributions of this paper are the following.

1. We define a probabilistic model of randomly generated databases.

2. We show how one can compute the threshold functions for queries expressible in
monotone non-recursive datalog? .

3. We introduce the notion of density of queries expressible in monotone non-recursive
datalog?, and show the exact relationship between densities and threshold func-
tions of the queries.

4. We show that monotone non-recursive datalog” has a 0 — 1 law w.r.t. every prob-
ability function p(n) satisfying the following condition: for every rational ¢ > 0
eitherp >n"9orp < n™ 9.

5. We show that monotone non-recursive datalog” cannot express any property with
a sharp threshold.

For the future research, it would be interesting to consider different probabilistic
models for some big existing and evolving databases such as WEB, and study behavior
of properties expressible by database query languages in such models (see e.g. [13]).

2 Preliminaries

In this paper we study asymptotic properties of finite relational structures with con-
stants. In particular, we are interested in properties expressible by existential formulas
in the language with equality in which negation can only be applied to equalities. In this
section we introduce definitions of structures and the query language datalog?.

Generally speaking, we are dealing with randomly generated finite structures. For
simplicity, we assume that the structure contains only one relation symbol. We only
consider boolean queries, that is, queries with a yes-no answer. In order to deal with
some standard queries as boolean queries, we introduce constants in the language. For
example, for an input binary relation R, reachability can be formulated as follows: given
two elements (z,y), is there a path from x to y in which arcs are pairs belonging to R?
Normally, such a query would be formulated using a binary output relation 7 that is the
transitive closure of R. However, since we are restricted to boolean queries, we cannot
use a binary output relation. Instead, we can introduce two constants ¢; and ¢z and use
T(c1, c2) to represent reachability of ¢y from ¢;.



Structures. We consider signatures with one relation symbol R and constants. Consider
a finite signature X' = {R,cy,...,¢}, where R is a relation symbol of some arity
r > 0 and each ¢; is a constant. Denote by N the set of natural numbers and by [n]
the finite set {1,...,n}. For every n > [ denote by M, the set of all structures of the
signature X' with the domain [n] in which the constants ¢y, . .. ¢; are interpreted as the
numbers 1, ..., respectively. For n < [ we let M, = (). Without loss of generality
we can restrict ourselves to structures in U, ~oM,,. For a structure M we denote the
interpretation of R by Ry.

For simplicity of the presentation we require all constants to be interpreted by dis-
tinct elements of the domain. However, our main results remain valid if the interpreta-
tions of constants can coincide.

Properties of structures. A property of structures is a parametrized family { A, }52, of
structures such that for each n € N the set A,, consists of structures in M,,. A property
{An}32, is called monotone if for each n € Nand M, M’ € M, such that Ry; C Ry
and M € A, we have M’ € A,,. In other words, if M € A, then by adding a tuple to
Rjs we obtain a structure in A,,.

For example, if R is binary and we have no constants then each structure is a directed
graph; it is easy to see that the following properties are monotone: to contain a given
graph, to have no isolated vertices, to be a non-planar graph, and connectivity.

Language. Evidently, every formula ¢ of the signature )/ defines a property: we let
M e A, if M € M,, and M = ¢. We consider the subset of all formulas of X
built from formulas R(3), s = ¢ and s # ¢ using only V, A, and 3. Denote this set
of formulas by Z‘f. For example, if R is ternary and ¢; € X then 3z, y(R(x, c1,y) A
x # y A R(x,z,y)) is a formula in Zf . It is easy to see that all properties definable
by formulas in Zf are monotone. It is also not hard to argue that Zf has the same
expressive power as non-recursive datalog?.

Theorem 1. Every query defined by a formula in Ef is definable by a non-recursive
datalog¥-program and vice versa.

The proof is standard.

Monotone properties of undirected random graphs have been intensively studied
(see e.g. [2, 11]). One of the most important characteristics of a monotone property of
a random graph is to have the threshold function. To define this notion for structures,
we first introduce a probabilistic model of structures, which is similar to the binomial
model of the random graphs.

Random structures. Let us introduce the probability space (M,,, F, p, 1) on structures,
where F is the set of all subsets of Ml,,, 0 < p < 1 and the probability function y is
defined as follows:

p(M) = p™(1—p)™ ™,

where M € M,,, m is the number of tuples satisfying the relation R in M (remember
that r is the arity of ). This can be viewed as a result of n" independent coin flippings



with the probability p of success: every tuple is included in R); with the probability
p. We will refer to p as the tuple probability. We denote by M,, ,, the random structure
corresponding to this probability distribution, that is a random element of this probabil-
ity space. When we consider asymptotic behavior of properties of structures we assume
that p is a function of n. Let us note that the presence of constants in the language intro-
duces certain peculiarities for the probabilistic analysis. For example, it is well-known
that the first-order logic on random graphs (without constants) has a 0 — 1 law for the
constant distribution, e.g. p(n) = 1/2, (see [7,9]). However, when we consider the
first-order logic with constants then the logic fails to have a 0 — 1 law (see Section 6 for
more on 0 — 1 laws for datalog?).

Notation. Asymptotics. For functions f, g, we write f(n) < g(n) if f(n) = O(g(n))
and g(n) = O(f(n)), also we write f(n) = O(g(n)) if f(n) < g(n), and write
f(n) < g(n) if f(n) = o(g(n)).

Probability. The expected value of a random variable X is denoted by E(X). The
indicator variable of a property A will be denoted as [ 4.

Thresholds. Let {A,}>2, be a monotone property. A function p’(n) is called the
threshold function, or simply threshold, for this property if

. ..
i ity 4= {04257
Bollobas and Thomason [3] prove that every monotone property has a threshold. One of
our main results is finding threshold functions for all properties of structures expressible
by formulas in Ef . Namely, we show that for every formula ¢ € Ef the threshold
function is either constant or of the form n~%, where q, is a non-negative rational
number, and give an algorithm for computing q, from a given formula .

The problem of determining threshold functions for properties of random structures
is an active research area in combinatorics. In particular, the problem of finding thresh-
olds for graph containment has a long history. Starting from the paper [6] where this
problem was solved for a special case of balanced undirected graphs, and culminating
21 years later in [1] where this problem is solved for arbitrary undirected graphs. Let
us note that the corresponding structure containment problem, defined in Section 3, is
expressible in Z‘f .

Sharp thresholds. Some monotone properties of structures can possess a sharp thresh-
old. We call the threshold p’ for a property {A,,} 7%, sharp if for every € > 0

. 0if p<(1—¢€)p's
nhjr;o M(Mn,p €A,) = {1 ifp>(1+e)p.
If the threshold for a monotone property is not sharp, then we say that the property has
a coarse threshold. We will show that for every property definable by a formula in 2]
the threshold is coarse. We will use the following reformulation of the notion of sharp
threshold (see [11]). Consider a property {A,}52 . For each e such that 0 < € < 1
define pc(n) be the tuple probability such that u(M, ,. € A,) = e. The property
{A,}52 has a sharp threshold if and only if lim,, .o pe(n)/p1/2(n) = 1 for every €
such that 0 < e < 1.



Outline. The rest of this paper is structured as follows. In Section 3 we introduce and
study the structure containment and the weak structure containment problems. We prove
that every sentence in Zf is equivalent to a weak structure containment problem. In
Section 4 we show how one can calculate the threshold for any structure containment
problem and show that the threshold is coarse. In Section 5 we prove similar results
for the weak structure containment problems. Finally, in Section 6 we present the main
results of this paper.

3 Structure Containment

In this section we introduce the structure containment and the weak structure contain-
ment properties. We prove that every formula in Z‘f is equivalent to a weak structure
containment property.

Structure containment. Consider an arbitrary but fixed structure M. We say that a struc-
ture M contains M, denoted by M J M, if there is an injective homomorphism from
M into M. Note that structure containment is language-dependent, since every homo-
morphism maps an integer m into itself if ¢,,, € X'. We define the structure containment
property, (also referred to as M-containment property when we want to emphasise the
structure M), to be the set of all structures that contain M. Evidently, for every struc-
ture M the structure containment property is monotone.

Weak structure containment. Let S be a finite family of structures. We say that a struc-
ture M weakly contains S, denoted by M 3, S, if it contains at least one structure
from S. We define the weak structure containment property, (also referred to as weak
S-containment property when we want to emphasise the family S), to be the set of all
structures that weakly contain .S. Evidently, for every finite family S of structures the
weak structure containment property is monotone.

Theorem 2. Given a sentence A of X 7 one can effectively find a finite family of struc-
tures S such that for every structure M we have M |= A if and only if M J,, S.

Proof. We assume that ¢y, ..., c; are all constants of the language. Let B be any for-
mula with free variables z1, . .., x,,. Denote by 3B the existential closure of B, that is,
the formula Jz; ... 3z,, B. Also, denote by 3" B the following formula:

Jzq ... Fzp( /\ i # ¢ N /\ x; #x; \B).

1<i<n, 1<5<1 1<i<j<n

We say that a sentence B is simple if it has the form T, L, or 3" B’ such that n > 0 and
B’ is a conjunction of atomic formulas R(¢1,...,t.). (By T, L we denote the logical
constants true and false respectively).

Let us prove the following statement: for every sentence D of Z‘f one can effectively
find a finite set of simple formulas D, . .., D,, where uw > 0, such that D is equivalent
to D1V ...V D,. The proof is as follows. First, we can convert D to a formula 3C; V
...V 3C,, such that C; is a conjunction of atomic formulas, using prenexing, CNF



transformation, and anti-prenexing. Hence, it is enough to prove this statement when D
has the form 3D, where D’ is a conjunction D1 A ... A D, and each D; is an atomic
formula. Such a formula D may still be not simple, since some of the conditions on
simple formulas may not be satisfied. When D is not simple, do the following.

If D’ contains an equality ¢ = ¢, replace this equality by T in D’.

If D’ contains an equality ¢, = ¢4, where p # ¢, replace D by L.

If D’ contains an inequality ¢ # t, replace D by L.

If D’ contains an inequality ¢, # ¢4, where p # ¢, replace this inequality by T in
D'

5. If D’ contains an equality x = ¢, such that ¢ is different from z, replace x by ¢ in
D'.

o=

If none of the following transformations is applicable to D, then D’ contains no equal-
ities and no formulas ¢, # ¢,4. If D is not simple, then apply also the following trans-
formations to D.

1. If, for some variables z,, z, occurring in D’, D’ does not contain x,, # x,, replace
Dby 3D’ Axp =x4) VID' Axp # x4).

2. If, for some variable x,, occurring in D’ and constant ¢4, D’ does not contain x,, #
cg. replace D by (D' A xp = ¢q) V I(D' A zp # cq).

Then proceed as before. It is not hard to argue that after some finite number of steps we
will terminate and obtain a disjunction of simple formulas equivalent to D.

Now let us prove the following statement: for every simple formula D = 3" D’
one can effectively find a structure M such that for all structures M, M = A if and
only if M J M. Without loss of generality one can assume that the free variables of
D’ are x4, ..., x,. Define the structure M as follows. The domain of M is [l + n]. To
define R, let us introduce an interpretation function f mapping all variables occurring
in D and all constants to numbers in the domain of M as follows: f(¢;) = ¢ and
f(z;) = j + 1. Then define the relation R, as follows:

Rm ={(f(t1),..., f(t;)) | R(t1,...,t,) occursin D'}.

Let us show that M satisfies the claim. Indeed, it is not hard to argue that M = D.
Let M be any structure such that M = 3" D’. Then there exist pairwise distinct num-
bers ki, ..., kn such that (i) {k1,...,kn} N[l] = 0; (ii) the domain of M contains
k1, ..., ky; (iii) for the function g defined by g(x;) = k; we have M, g = D’. It is not
hard to argue that the function & : N — N defined by

h(s) = S, if1 <s<l
TV ke, ifl+1<s<l+n

is an injective homomorphism from M into M, so M J M.

From what we proved it follows that the sentence A (from the statement of the
theorem) is equivalent to a disjunction D; V ...V D,, of simple formulas and that there
are structures My, ..., M, such that the following holds. For every structure M and
i =1,...,u, M = D; if and only if M 3 M,. Therefore, for every structure M
we have M = A if and only if M 3, {M;,..., M,}, hence we can define S to be
{My, ..., My}



Let us note that by a simple modification of this proof we could have proved a similar
result for the case when different constants may also be interpreted by the same element.

4 Threshold for the Structure Containment

In this section we show how to compute the threshold function for any structure con-
tainment property and show that every such property has a coarse threshold.

Let us consider M-containment property for an arbitrary but fixed structure M. For
a structure M € M,,, we write M J M if M J M and M is not isomorphic to M.
Since we are studying the asymptotic behavior of the properties we can always assume
that n is greater than the number of elements of M and therefore for every structure M
from M, we have M 3 M if and only if M 3 M. We denote by C and L the relations
inverse to _J and _J, respectively.

Notation. For a structure M denote by dp; the number of elements of the domain of
M and by 7)s the number of tuples in Rj;. We say that a tuple of elements of M is
a constant tuple if all its elements are constants (from Y), and a non-constant tuple
otherwise. Let dj; denote the number of non-constant elements of M, 75; denote the
number of non-constant tuples in R, and 75, denote the number of constant tuples in
R M-

First we show exponential bounds for the probability of the random structure M, ;,
to contain M. In proofs we will use some techniques developed in the theory of random
graphs (see [11]).

Exponential bounds. Let us note that if R is the empty relation then all structures
with a sufficiently large domain contain M, so the containment problem is trivial. Fur-
thermore if all tuples in R4 are constant (i.e. #aq = 74) then p(M, , I M) = p™™.
In this case, trivially, the threshold function for the containment property is just a con-
stant function and the threshold is coarse. We consider the case when R has at least
one constant tuple later in Corollary 3.

Now assume that R is non-empty and contains no constant tuples. Define

By = = min _nfepre. 1
M= Pr(n,p) S ¢))

Then the following theorem holds.

Theorem 3. Let M be a structure in the signature 3 such that R a4 is non-empty and
without constant tuples. Then, for every sufficiently large n and for every sequence
p = p(n) < 1 the following holds:

@)

1= exp {~O(@a)} < p(Mpy I M) <1~ eXp{_L@’M) }

1-p

Proof. Let us rewrite (2) in a more convenient for us form:

exp {_9%;)} < 1My 7 M) < exp {-O(@01)} 3



We will use the following inequality (4) (see e.g. [11] where this inequality is proved in
a more general setting). We say that a structure M extends a structure M’ if they have
the same domain and Rp;r C Rj. Consider a family S of structures on the domain
[n] and such that for each structure M € S the relation Rjs is non-empty. For each
structure M € S, let I, be the indicator variable denoting that the random structure
M, , extends M. Let Xg = > wmes I, s0 X g denotes the number of structures from
S which are extended by M,, ;,. Then the following holds:

E(X E(Xs))?
exp{—g}ﬁu()(s:méexp - (EXs)) BT ~
-p M/, M" €SAR;/NR 1 #0 (Lart )

“

Now let us consider a structure M such that dy; < n. We call an n-copy of M any
structure M’ with the domain [n] which contains M and has a minimal Ry, i.e., after
removing any tuple from Ry, M’ will not contain M. When n is clear from the context
we say a copy of M instead of an n-copy. It is clear that a structure with the domain [n)
contains M if and only if it contains an n-copy of M. Let X, be the random variable
denoting the number of different n-copies of M in the random structure M, ;. Let us
calculate E(X ). There are exactly f(n, M) = (5 ')d!/ aut(M) = O(n™) differ-
ent n-copies of M, where aut(M) is the number of automorphisms of M, (remember
that [ is the number of constants in the signature). Using the linearity of the expectation
we have

E(Xn) = f(n, M)p™ = ©(n™pr). 5)
From this it follows that
Dy = in  E(Xp).
M QE/\IE}?Q>0 ( Q) ©)

We will prove the left-hand side of (3) using the left-hand side of (4). To do so we
take a structure H T M such that E(Xp) = mingca,r,>0E(Xq) and consider the
family Sy of all n-copies of H. Then, it is easy to see that Xg,, = X 7. From (4) using
(6) we have

exp { - S < op { B < = 0) = 0t 210 1)
L—p L—p
It is obvious that if a structure does not contain a copy of H then it does not contain a
copy of M and hence p(M, , 2 H) < (M, , 7 M). Therefore the left-hand side of
(3) follows from (7).

Let us prove the right-hand side of (3). To this end, we use the right-hand side of (4)
for the family Sa¢ of all n-copies of M. Again we have Xg,, = X »(. Now we estimate
the sum in the denominator of the exponent in (4). Let M’, M be structures with the
domain [n], then we can define a new structure M’ N M" to be a structure with the
domain [n] and the relation Ry qpr = Rarr N Ry . For each structure @) C M there
are O(nen2(drm—da)) = Q(n2dm=da) pairs (M’, M") such that M’, M"" € Sy and
M’ N M" is isomorphic to an n-copy of Q). So using (6) we have

E ]E(IM/IMN) ~ E nQdedQPQTMer
M’ ,M" €SMARp 1 NRyp10 70 QEM,rg>0

(E(XMm))? _ (E(XM))g.

-~

= QMg E(Xq) D pq

~

®)



Direct substitution of (8) into (4) gives us the right-hand side of (3).

Let M be a structure such that R is non-empty and without constant tuples. Then,
we define the density of the structure M to be

M) = do.

mM) = max | re/de

Corollary 1. Let M be a structure such that R is non-empty and without constant
tuples. Then the threshold function for the M-containment property is n~ /™M) e
the following holds:

lim pu(M,, IM) =

n—oo

0,if p<n t/mM)
L if p>n-Y/mM),

Proof. To prove this corollary it is sufficient to prove that (i) if pn'/™M) — oo then
®pq — oo and (i) if pn'/™M) — 0 then ¢ — 0. Assume that pn!/™M) — oo,
Then for every structure Q C M with rg > 0 we have 1/m(M) < dg/rq and hence

ntepre = (pnda/reyre — oo

Therefore @ o = mingem,ro>0 nde p"?® — oo, which proves (i).
Now let H be a structure contained in M such that rg /dyg = m(M). To prove (ii)
notice that

D = min n‘ZQ "Q < niiH TH _ nl/m(/\/l) TH _, ().
M= i nfepte < nfip (p )
Corollary 2. Let M be a structure such that R, is non-empty and without constant
tuples. Then the threshold for the M-containment property is coarse.

Proof. If M-containment would have a sharp threshold then lim,, .o pc(n)/p1/2(n) =
1 for every e such that 0 < € < 1. Let us show that this is not the case. Take an arbitrary
e such that 0 < € < 1. Let p.(n) be the tuple probability such that (M, ,, T M) =e.
Corollary 1 implies that p.(n) — 0 and therefore p.(n) is bounded away form 1. Using
this and (2) we obtain that for some constants A > 0 and B > 0,

1—exp{—APm} < p(Myp. IM)=€<1—exp{—BP} )

for all sufficiently large n.
Now consider an ¢ such that

0<e<1—272"MA/B (10)

It is straightforward to check that 0 < e < 1. Let us show that for this ¢ we have
pe(n)/p1/2(n) # 1. To avoid technicalities with @ v( (pe, n) = mingram,rg >0 4@ pe®
we consider a structure W C M on which the minimum is reached infinitely often. So
let {n;|i € N} be an infinite subset of N such that @ ((p,, n;) = n™ p! . It is clear



that for our goal it is enough to prove that p.(n;)/p1/2(n;) is bounded away from 1. In
order to prove it we show lower and upper bounds for p.(n;).
From the right-hand side of (9) we have that

€= N(Mm,pe M) <1- exp{—B(@M)}.

Straightforward calculations yield

In(1—e)~YB < pdwprw,
Finally, the lower bound is

(In(1 — ¢)=/B) /™

JW/TW
[

< pe(ni). (11)
n

Obtaining an upper bound for p.(n;) is similar.
The left-hand side of (9) yields

1= exp {—Abpi} < p(My, ,, I M) = e
After straightforward calculations we obtain

nd i < In(1 — €)Y,
so we have an upper bound

(In(1 - e)_l/A)l/TW .

(ZW/”’W
3

Pe(n;) < (12)

n
Now from (11),(12) and (10) we have

(1 — YA\ Y™ Bin()\ ™
pe(ni)/p1ya(ni) < (W) - <W>

1/T’W
1
Bln (1_(1_22,,,MA/B) )

Aln(2)

IN

= (1/2)"™/™ < 1/2,

therefore pc (1) /p1 /2(n:) is bounded away from 1.

Corollary 3. Let M be a structure such that Rpq is non-empty and contains at least
one constant tuple. Then the threshold function for the M-containment property is con-
stant and the threshold is coarse.

Proof. Let p.(n) be the tuple probability such that p (M, ,. 3 M) = e. Let us show
that for every 0 < ¢ < 1 we have lim,, oo pc(n) = €'/"M. From this, the corollary
easily follows.



Let M be a structure with the same domain as M and the relation R v consisting
of all constant tuples of R; likewise let M be a structure with the same domain as
M and the relation R consisting of all non-constant tuples of Rxq. Then we have
Ry NRy =0and Ry URy = Ra. Itis easy to see that M, ;, contains M if
and only if M, ;, contains both M and M. Also, since R v and Ry are disjoint, the
containment of M is independent from the containment of M and therefore

(M, 3 M) = (M, 3 MM, 3 M).

Since all tuples in R ¢ constant, we have (M, , 3 M) = pr, then the formula
above gives

#(Mpp 3 M) = p™p( My IM). (13)
There are two possible cases.

1. The relation Ry, contains no tuples (that is, all tuples in Ry are constant). In
this case p.(n) = €'/, so the threshold function is constant and the threshold is
coarse.

2. Ry contains at least one tuple. In this case we can apply Theorem 3 in the follow-
ing way. First, from (13) we have

€= pu(Mpp, IM)= piMP‘(Mn,pE M) < pi.
Therefore X
e!/T < pe(n) (14)
for all sufficiently large n. From the left-hand side of (2) and (13) we have

P (1 —exp{—0(®4)}) < pIMu(Myp, IM) = (M, I M) = €. (15)

Since pe(n) is bounded from below we have lim,,_,o, (1 —exp {—O(@)}) =1
Define g(n) = (1 — exp{—@(@M)})_l/rM. It is clear that lim,, o g(n) = 1
From (14) and (15) we have

et/im < pe(n) < el/fMg(n).

Therefore lim,,_, o pc(n) = €1/7¢m _ So the threshold function for the M-containment
property is constant. The threshold for the M-containment is trivially coarse since
for € # 1/2 we have lim,, .o pe(n)/p1 /o = (2€)1/7™ # 1.

5 Threshold for the Weak Containment

In this section we study the weak containment property for an arbitrary but fixed finite
family of structures .S, show how to calculate the threshold function for this property,
and show that it has a coarse threshold.

It is clear that if there is a structure M € S such that R, is empty then the weak
S-containment property is trivial since all structures with a sufficiently large domain
weakly contain S. Therefore, we assume that for each structure M € S the relation R,



is non-empty. Let .S denote the set of all structures M from S such that Ry, contains
no constant tuples.
Let S # (. Define density of S to be

Then the following holds.

Corollary 4. Let S be a finite set of structures such that for each M € S the relation
Ry is non-empty. Suppose that S # (. Then the threshold function for the weak S-
containment property is n~/™5) and the threshold is coarse.

Proof. From Corollary 1 we immediately obtain the following. If p < n~/™(5),

then for every structure M in S we have lim,_,o (M, p, 3 M) = 0 and therefore
limy, oo (M p T S) = 0. If p > n= /™) then we can take a structure M
from S with the least m(M); then we have lim,, oo (M, , 7 M) = 1 and there-
fore lim,,_, o ,u(Mmp Tw S) = 1. So we have proved that the threshold function for
the weak S-containment property is n~ /().

Let us prove that this threshold is coarse. The proof will be similar to the proof of
Corollary 2. Consider any € such that 0 < e < 1. Let p.(n) be the tuple probability such
that y1(M,, p, T S) = €. Consider a structure M from S. From (2) it follows that for
some constants Ayq > 0 and Bag > 0 we have

1—exp{=AmPm} < p(Mnp, IM) =€ <1—exp{-BuPm} (16)

for every 0 < e < 1 and sufficiently large n.
Let A = minyc3Am, B = maxc5Am, E = max,cg7rm, and L = |5]
where |.S| is the number of structures in .S. Consider an € such that

0<e<1—(1—1/20)% A8 17)

It is straightforward to check that 0 < e < 1. Let us show that for this ¢ we do not have
Pe(n)/p1/2(n) — 1. We have

< —e< < .
/\Hxltaeué N(Mn,pe M) < N(Mn,pe Jw S)=€< JMXE:SN(MmPe M) < Lﬂ%}g N(Mn,pe M)

Let V be a structure in S on which the maximum max e s p(M,, . 3 M) is reached
infinitely often. Let {n;} be an infinite subset of N such that

WMy, p, IV) < My, p, D S) = € < L(M, p. 3V). (18)

Let us show that V' € S. Suppose, by contradiction, that Ry has at least one constant tu-
ple. From the previous we have that the threshold function for the weak S-containment
property is n~'/™(%) and therefore p.(n;) — 0. Since Ry has constant tuples we have
that the threshold function for the V'-containment property is constant (see Corollary 3)
and therefore y(M,, ,. 3 V) — 0. This contradicts to the inequality on the right in
(18).



Now we have that Ry has no constant tuples and we can proceed similarly to Corol-
lary 2. Again we consider a structure W' C V on which the minimum & v (pe, n;) =

MinQCv,r,>0 nf?pr? is reached infinitely often. So let {n; ;11,5 € N} be an infinite
subset of {n;} such that @ (pe,n;;) = ndW "W 1t is clear that for our goal it is

enough to prove that p(n;; )/p1/2(ni;) is bounded away from 1. In the same way as in
Corollary 2 we calculate lower and upper bounds for pc(n;; ) as

(111(1 _ 6/L)fl/BV)l/T’W (111(1 _ 6)71/,»4‘/)1/7’W
JW/TW

< ) < Z
n° - pe(nz’) - dw /rw

5 5

Now from (19) and (17) we have

111(1 —6)_1/AV 1/rw BV ln(%) 1/rw g
In(1 —1/2L)~1/Bv ) Ay In(—757) -

19)

pe(ni;)/p12(ni;) < (

- 1/2L

1/rw
1
By In (1<1(11/2L)2—EA/B)> <BvA2E

1/r
U< (1/2)5/m < 1/2.
Ay ln( Ay B - -

- 1/2L)

Therefore pc(n;;)/p1/2(ni;) is bounded away from 1.

Corollary S. Let S be a finite set of structures such that for each M € S the relation
Ry is non-empty. Suppose that S = (). Then the threshold function for the weak S-
containment property is constant and the threshold is coarse.

Proof. We have that for all structures M € S the relation R); contains at least one
constant tuple. Corollary 3 implies that for p — 0 and every structure in .S we have
limy, 00 (M, p 3 M) = 0 and therefore lim,, o0 (M, Ti S) = 0. This proves
that the threshold function is constant.

In order to prove that the threshold is coarse we consider any e such that

0<e<272P71/L, (20)

where L is the number of structures in S and E' = maxaeg 7 a. Let pe(n) be the tuple
probability such that p( M, p, T S) = €. We have

max p( My, p. IM) < p(My p, T S) =€ < Z M,, IM)<L max w(M, p

aM).
Mes MeS

€

Let V be a structure in S on which the maximum maxaes (M, p. 1 M) is reached
infinitely often. Let {n;} be an infinite subset of N such that

p(Mp; p. AV) < (M p. T S) = € < Lis(Mn; p, V). @n

In the same way as in Corollary 3 we calculate lower and upper bounds for p.(n;) as



(e/L)Y™ < pe(ni) < €7V g(ny), (22)

where g(n;) — 1. For sufficiently large n; we can replace g(n;) in (22) with 2, obtain-
ing A A
(¢/L)/™ < puln) < 261/7.

Now using (20), we have

2et/7v —2E/fy
Pe(ni)/p1ja(ni) < W <2 2<1/2.

Therefore p. (1) /p1 /2(n:) is bounded away from 1.

6 Main Results

We can now put together all the presented results as follows. First we introduce the key
notion of density of a query. Let © be a monotone non-recursive datalog” query. Then,
by Theorem 1 it is equivalent to a sentence in the language Efé . By Theorem 2 such
a query is also equivalent to the weak S, -structure containment problem for a finite
family of structures S,. Moreover such a family can be found effectively from ¢. If
every structure in S, contains a constant tuple (S, = () then the threshold function
for the weak S-containment property is constant and the threshold is coarse. Otherwise
we define density of o, denoted m(y), to be the density of S, (see Section 5 for the
definition of the density for families of structures). From the above it follows that the
density of a query can be calculated effectively. Now we are ready to formulate our
main theorem.

Theorem 4. Given a monotone non-recursive datalog”-query o one can effectively
find the threshold function for the property defined by this query. This threshold function
is either constant or has the formn~=""™() where m(p) is the density of p. The density
of a query is always a positive rational constant which can be effectively calculated from
. For every monotone non-recursive datalog” -query the threshold is coarse.

Now we give a simple application of Theorem 4 to 0 — 1 laws for non-recursive
monotone datalog”. Let us fix a function 0 < p(n) < 1. We say that non-recursive
monotone datalog” has a 0 — 1 law w.r.t. p(n) if for every boolean query ¢ expressible
init, lim,, .o u(M, , = ¢) equals either to 0 or 1.

Theorem 5. Monotone non-recursive datalog” has a 0 — 1 law w.r.t. every probability
Sunction p(n) satisfying the following condition: for every rational ¢ > 0 either p >
n~%orp K n~? holds.

Proof. Indeed, from Theorem 4 it follows that for every non-recursive monotone datalog”
query ¢, the threshold function is either constant or has the form n~9, for a rational
q > 0. Therefore, from the definition of the threshold function follows that for any such
query ¢, and p(n) as in the statement of the theorem, lim,,_,o p(My, p = ) is either
Oorl.



For example the theorem holds for p(n) = n~* where o > 0 is irrational and also

for functions like In(n)n=t where t > 0.

Let us note that 0 — 1 laws w.r.t. irrational powers of 1/n are proved for the full

first-order logic on random graphs in [16] see also [17]. For general accounts on 0 — 1
laws for various logics see [5, 14], for some applications of 0 — 1 laws to the database
theory see, e.g., [15].
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