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Abstra
t

For wtt-redu
ibility or an arbitrary redu
ibility stronger then wtt-

redu
ibility, there exists a set F �

T

0

0

su
h that the set

ff j f is a permutation of ! and the graph of f redu
e to Fg is not


losed under 
omposition.

Let A be an arbitrary set su
h that A �

T

0

0

. There exists a

permutation f su
h that the graph of f is 2-
.e. 
omputable and the

graph of f

2

is not wtt-redu
ible to A.

All ne
essary de�nitions 
an be found in [3, 4℄. Algorithmi
 properties

of permutations on natural numbers are studied in many papers. A lot

of authors studied groups G

d

= ff j f is a permutation of ! and f �

T

dg

where d is a Turing degree. It turns out that any group G

d


hara
terizes the

degree d, i.e two su
h groups are isomorphi
 i� the 
orresponding degrees


oin
ide and embedding on su
h groups is equivalent to Turing redu
ibility on

degrees (see [2℄). In [2℄ A. S. Morozov has formulated the following problem:

is it possible to extend these results to other redu
ibilities? In our paper

we demonstrate that for some wide 
lass of algorithmi
 redu
ibilities there is

negative answer for this question.

Notation. We �x some e�e
tive bije
tive numbering of pairs of integers

i.e. three 
omputable fun
tions h�; �i : !

2

! !; (�)

1

; (�)

2

: ! ! ! su
h that

h(x)

1

; (x)

2

i = x, (hx

1

; x

2

i)

1

= x

1

, (hx

1

; x

2

i)

2

= x

2

.

Let us de�ne fun
tion hx

1

; : : : ; x

n

i = h: : : hhx

1

; x

2

i ; x

3

i ; : : : ; x

n

i for n > 2.
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Let D

n

denote a �nite set with a 
anoni
al index n, i.e. n =

P

j2D

n

2

j

.

Let f : ! ! !; �

f

denotes the graph of f , i.e. the set fhx; yi j f(x) = yg:

De�nition. A set A is weak truth-table redu
ible to B (A �

wtt

B) if there

exist a natural number z and a 
omputable fun
tion g su
h that

1) �

A

= fzg

B

2) the set D

g(x)


ontains all numbers whose membership or nonmembership

in B are used in the 
omputation of fzg

B

(x).

We say that pair (fzg; g) redu
es A to B.

De�nition. A �nite fun
tion f : ! ! ! is a path if

�

f

= fhm

0

; m

1

i ; hm

1

; m

2

i ; : : : hm

k�1

; m

k

ig, where m

i

6= m

j

for i 6= j.

Let b(f) = m

0

denote the �rst element of the path and e(f) = m

k

denote

the last element of the path.

De�nition. Let D � !,

we de�ne �eld(D) = f(m)

1

j m 2 Dg [ f(m)

2

j m 2 Dg. For a fun
tion f ,

�eld(f) =�eld(�

f

) =dom(f)[range(f).

We shall 
onsider redu
ibility of a fun
tion f to a set A as redu
ibility of

the graph of f to A. In this 
ase the following theorem holds.

Theorem 1. Let � be wtt-redu
ibility or an arbitrary redu
ibility stronger

then wtt-redu
ibility (i.e. A � B implies A �

wtt

B). There exists a set

F �

T

0

0

su
h that the set

ff j f is a permutation of ! and �

f

� Fg

is not 
losed under 
omposition.

Remark. It is well known that the redu
ibilities �

1

, �

m

, �

btt

, �

tt

are

stronger then wtt-redu
ibility. So, the proposition of the theorem holds for

them.

Proof. We shall 
onstru
t a permutation f with the following properties:

f �

T

0

0

and �

f

2

6�

wtt

�

f

. Obviously, the graph of f will be the required set

F . We 
onstru
t the permutation f in stages by a �nite extension 0

0

-ora
le


onstru
tion, so that

�

f

0

� �

f

1

� : : : �

[

i2!

�

f

i

= �

f

:

Every f

i

will be a path. It suÆ
es to meet, for ea
h stage s, the following

2



requirement: the pair of fun
tions (f(s)

1

g; f(s)

2

g) does not redu
e �

f

2

to �

f

.

Stage s = 0. De�ne �

f

0

= fh0; 1ig.

Stage s > 0. De�ne p

s

= �n(n 62 �eld(f

s

)), q

s

= �n(n 62 �eld(f

s

) [ fp

s

g),

�

f

0

s

= �

f

s

[ fhp

s

; b(f

s

)i ; he(f

s

); q

s

ig and �

s

= �n(n 62 �eld(f

0

s

)). We denote

(s)

1

by z and f(s)

2

g by g. Let us 
onsider all possible 
ases for g(he(f

0

s

); �

s

i).

Case 1. g(he(f

0

s

); �

s

i) is unde�ned. Then we de�ne f

s+1

= f

s

and turn to

the next stage.

Case 2. g(he(f

0

s

); �

s

i) is de�ned. Then we de�ne l

s

= g(he(f

0

s

); �

s

i) and

D

+

l

s

= D

l

s

\ �

f

0

s

, D

�

l

s

= D

l

s

n D

+

l

s

. We shall extend the path f

0

s

to the path

f

00

s

with the following 
ondition: the graph of any extension of f

00

s


ontains

no element of D

�

l

s

. For any m = hu; vi 2 D

�

l

s

, we 
arry out the following

pro
edure. A number 
 will be 
alled a new element if 
 62 �eld(D

�

l

s

) and 


does not belong to the �eld of the 
onstru
ted path and 
 6= �

s

. Let 
 be a

new element and a be the �rst element of the 
onstru
ted path. If u 6= �

s

and u does not belong to the �eld of the path, then we add the pairs (u; 
)

and (
; a) to the path. If u = �

s

, v does not belong to the �eld of the path

and v 6= u, then we add the pairs (v; 
) and (
; a) to the 
onstru
ted path.

In other 
ases we do nothing. We denote the 
onstru
ted path by f

00

s

.

Let us 
onsider the fun
tion fzg. If fzg

�

f

00

s

(he(f

00

s

; �

s

i) is de�ned and

equal to 1, then we add the pairs he(f

00

s

); 
i ; h
; di ; hd; �

s

i to the path, where


 and d are sequentially 
hosen new elements. In other 
ases we add the pairs

he(f

00

s

); 
i ; h
; �

s

i, where 
 is a new element. We denote the 
onstru
ted path

by f

s+1

.

It is 
lear that �

f

=

[

i2!

�

f

i

is the graph of a permutation, and �

f

�

T

0

0

.

The theorem follows from the lemmas below.

Lemma 1. If at Stage s Case 2 holds, then for all m, m 2 D

�

l

s

implies

m 62 �

f

.

Proof. Let m 2 D

�

l

s

and m = hu; vi. Let us 
onsider all possible 
ases.

By the 
onstru
tion, the permutation f is an in�nite 
y
le, so u = v

implies m 62 �

f

. Consider the 
ase u 2 dom(f

00

s

). If u 2 dom(f

0

s

), then

hu; vi 62 �

f

by the de�nition of D

�

l

s

. If we in
lude u into the �eld of f

00

s

when

we 
onstru
ting f

00

s

, then hu; 
i 2 �

f

00

s

and 
 is a new element, i.e. 
 6= v. If
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u = e(f

00

s

), then hu; 
i 2 �

f

s+1

� �

f

, where 
 is a new element, i.e. hu; vi 62 �

f

.

If u = �

s

and u 6= v, then v 2 dom(f

s+1

) and �

s

= e(f

s+1

), so f is an

in�nite 
y
le; hen
e hu; vi 62 �

f

.

Lemma 2. �

f

2

6�

wtt

�

f

.

Proof. Assume that �

f

2

�

wtt

�

f

, i.e. there exists a pair of fun
tions

(fzg; fpg) that redu
es �

f

2

to �

f

. Let us 
onsider a stage s = hz; pi. Note

that fzg

�

f

(he(f

00

s

); �

s

i) = fzg

�

f

00

s

(he(f

00

s

); �

s

i). It is 
lear that e(f

00

s

) = e(f

0

s

),

i.e. fpg(he(f

00

s

); �

s

i) = l

s

by the 
onstru
tion. If m 2 D

l

s

and m 2 �

f

00

s

,

then m 2 �

f

, sin
e �

f

00

s

� �

f

. If m 2 D

l

s

and m =2 �

f

00

s

, then m 2 D

�

l

s

and

a

ording Lemma 1, we have m 62 �

f

. So therefore D

l

s

\ �

f

00

s

= D

l

s

\ �

f

, i.e.

fzg

�

f

(he(f

00

s

); �

s

i) = fzg

�

f

00

s

(he(f

00

s

); �

s

i): (1)

By the assumption, �

�

f

2

= fzg

�

f

. There are two possible 
ases.

Case 1. fzg

�

f

(he(f

00

s

); �

s

i) = 1. The equality (1) implies

fzg

�

f

00

s

(he(f

00

s

); �

s

i) = 1:

By the 
onstru
tion of f

s+1

, the pairs he(f

00

s

); 
i and h
; di are in the graph

of f , where d is a new element. We obtain that f

2

(e(f

00

s

)) = d 6= �

s

,

he(f

00

s

); �

s

i 62 �

f

2

, i.e.,

0 = �

�

f

2

(he(f

00

s

); �

s

i) = fzg

�

f

(he(f

00

s

); �

s

i) = 1:

Contradi
tion.

Case 2. fzg

�

f

(he(f

00

s

); �

s

i) = 0 handled by analogy with Case 1.

Lemma 2 and Theorem 1 are proved.

Let us 
onsider the arithmeti
al hierar
hy.

Remark. The set

ff j f is a permutation and �

f

2 �

0

n

g

is the group of all 0

(n�1)


omputable permutations.

We denote dom(fig

A

s

) by W

A

i;s

.
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Theorem 2. The set

ff j f is a permutation and �

f

2 �

0

n

g

is not 
losed under 
omposition for any n � 1.

Proof. We shall 
onstru
t a permutation f with the following properties:

�

f

2 �

0

n

and �

f

2

62 �

0

n

. We 
onstru
t the permutation f in stages in the

following way, we 
omputable enumerate in 0

(n�1)

the 
omplement of �

f

and

meet the requirement R

i

: 
omplement of �

f

2

does not 
oin
ide with W

0

(n�1)

i

for any i. Requirement R

i

will be met on a �xed pair ha

i

; 


i

i. At every stage

s we 
onstru
t a �nite path f

s

, and a �nite set B

s

that 
ontains all pairs of

elements of the �eldf

s

, whi
h are not in �

f

s

. The required permutation f will

be the limit of the sequen
e ff

s

g

s2!

, and B

0

� B

1

� : : : �

S

i2!

B

s

= ! n�

f

.

Stage s = 0. De�ne �

f

0

= fh0; 1ig, B

0

= fh1; 0ig.

Stage s > 0. Let s be in a row i, i.e. s = hi; ji. A number 
 will be 
alled

a new element if 
 does not belong to the �eld of the 
onstru
ted path. Let p

s

and q

s

be distin
t new elements. De�ne �

f

0

s

= �

f

s

[ fhp

s

; b(f

s

)i ; he(f

s

); q

s

ig.

Let us 
onsider the fun
tion fig.

Case 1. We have not 
onsidered the fun
tion fig at the previous stages.

It means that 8s

0

(s

0

< s ! (s

0

)

1

6= i). Let a

i

,b

i

,


i

be distin
t new elements.

De�ne �

f

s+1

= �

f

0

s

[ fhe(f

0

s

); a

i

i ; ha

i

; b

i

i ; hb

i

; 


i

ig.

Case 2. We have 
onsidered the fun
tion fig at the previous stages but

we have not met the requirement R

i

and h


i

; a

i

i 2 W

0

(n�1)

i;s

. Let n

i

1

,n

i

2

,n

i

3

,n

i

4

be distin
t new elements. De�ne

�

f

s+1

=

�

�

f

0

s

n f

D

f

0�1

s

(a

i

); a

i

E

; ha

i

; b

i

i ; hb

i

; 


i

i ; h


i

; f

0

s

(


i

)ig

�

[

f

D

f

0�1

s

(a

i

); n

i

1

E

; hn

i

1

; 


i

i ; h


i

; n

i

2

i ; hn

i

2

; a

i

i ;

ha

i

; n

i

3

i ; hn

i

3

; b

i

i ; hb

i

; n

i

4

i ; hn

i

4

; f

0

s

(


i

)ig

.

We have 
hanged f

0

s

:

� � �

f

0�1

s

(a

i

) a

i

-

b

i

-




i

-

f

0

s

(


i

)

-

� � �

to the path f

s+1

:
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� � �

f

0�1

s

(a

i

) n

i

1

-




i

-

n

i

2

-

a

i

-

n

i

3

-

b

i

-

n

i

4

-

f

0

s

(


i

)

-

� � �

We have obtained f

2

s+1

(


i

) = a

i

, and h


i

; a

i

i 2 W

0

(n�1)

i;s

, i.e. we met the

requirement R

i

.

In other 
ases we de�ne f

s+1

= f

0

s

.

Then we de�ne

B

s+1

= fh
; di j (
 2 �eldf

s+1

)&(d 2 �eldf

s+1

)&(h
; di 62 �

f

s+1

)g:

By the 
onstru
tion, it is 
lear that there exists the limit of the sequen
e

ff

s

g

s2!

, we denote it as f . It is 
lear that f is a permutation. Our 
onstru
-

tion is 
omputable in 0

(n�1)

and B

0

� B

1

� : : : �

S

i2!

B

s

= ! n �

f

, hen
e

! n �

f

is 
.e. in 0

(n�1)

set. We have met all requirements R

i

.

The theorem is proved.

Let us 
onsider permutations whose graphs are limit-
omputable.

De�nition. A fun
tion f is limit-
omputable if f(x) = lim

s

g(s; x) for some

total 
omputable fun
tion g. Let f(x) = lim

s

g(s; x) and g is a total 
om-

putable fun
tion. De�ne k

f;g

=j fs j g(s+ 1; x) 6= g(s; x)g j : A fun
tion f is

n-
.e. if 8xk

f;g

(x) � n: A fun
tion f is !-
.e. if 8xk

f;g

(x) � h(x) for some

total 
omputable fun
tion h. A set A is limit 
omputable, n-
.e., !-
.e., if

its 
hara
teristi
 fun
tion is limit 
omputable, n-
.e., !-
.e. 
orrespondingly

(we suppose that �

A

(x) = lim

s

A(s; x) and A(0; x) = 0).

Theorem 3. Let A be an arbitrary limit 
omputable set. There exists a

permutation f su
h that �

f

is 2-
.e. and �

f

2

6�

wtt

A.

Proof. We 
onstru
t the permutation f in stages. It suÆ
es to meet, for

ea
h s (s in a row i), the following requirement R

i

: the pair (f(i)

1

g; f(i)

2

g)

does not redu
e �

f

2

to A. At every stage s we 
onstru
t a �nite path f

s

.

The required permutation will be the limit of the sequen
e ff

s

g

s2!

.

The requirement R

i

will be met on a �xed pair ha

i

; 


i

i. We obtain that if

f(i)

1

g

A

(ha

i

; 


i

i) use in the 
omputation questions to the ora
le A only about

elements of D

f(i)

2

g(ha

i

;


i

i)

then f(i)

1

g

A

(ha

i

; 


i

i) 6= �

�

f

2

(ha

i

; 


i

i). The set A
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is limit 
omputable, let A(s; x) be a total 
omputable fun
tion su
h that

�

A

= lim

s

A(s; x). Let us denote fx j A(s; x) = 1g by A

s

.

Stage s = 0. De�ne �

f

0

= fh0; 1ig.

Stage s > 0. Let s be in a row i, i.e. s = hi; ji. A number 
 will be 
alled

a new element if 
 does not belong to the �eld of the 
onstru
ted path. Let p

s

and q

s

be distin
t new elements. De�ne �

f

0

s

= �

f

s

[ fhp

s

; b(f

s

)i ; he(f

s

); q

s

ig.

Let us 
onsider the pair of the fun
tions (f(i)

1

g; f(i)

2

g).

Case 1. We have not 
onsidered the pair (f(i)

1

g; f(i)

2

g) at the previous

stages. It means that 8s

0

(s

0

< s ! (s

0

)

1

6= i). Let a

i

,b

i

,


i

be distin
t new

elements. De�ne �

f

s+1

= �

f

0

s

[ fhe(f

0

s

); a

i

i ; ha

i

; b

i

i ; hb

i

; 


i

ig.

Case 2. We have 
onsidered the pair (f(i)

1

g; f(i)

2

g) at the previous

stages and f(i)

2

g(ha

i

; 


i

i) 
onverges and f(i)

1

g

A

s

s

(ha

i

; 


i

i) = �

�

f

2

s

(ha

i

; 


i

i) and

f(i)

1

g

A

s

s

(ha

i

; 


i

i) use in the 
omputation questions to the ora
le A

s

only about

elements of D

f(i)

2

g(ha

i

;


i

i)

.

Let us 
onsider all possible 
ases for f(i)

1

g

A

s

(ha

i

; 


i

i).

Case 2.1. f(i)

1

g

A

s

(ha

i

; 


i

i) = 1 = �

�

f

2

s

(ha

i

; 


i

i). Let n

s

be a new ele-

ment. Then we de�ne �

f

s+1

=

�

�

f

0

s

n fha

i

; f

0

s

(a

i

)i ; hf

0

s

(a

i

); 


i

i ; h


i

; f

0

s

(


i

)ig

�

S

fha

i

; f

0

s

(


i

)i ; he(f

0

s

); f

0

s

(a

i

)i ; hf

0

s

(a

i

); n

s

i ; hn

s

; 


i

ig.

We have 
hanged the path f

0

s

:

� � �

a

i

f

0

s

(a

i

)

-




i

-

f

0

s

(


i

)

- -

� � �

to the path f

s+1

:

� � �

a

i

f

0

s

(


i

)

-

� � � � � �

e(f

0

s

) f

0

s

(a

i

)

-

n

s

-




i

-

Case 2.2. f(i)

1

g

A

s

(ha

i

; 


i

i) = 0 = �

�

f

2

s

(ha

i

; 


i

i). Let n

s

1

,n

s

2

be distin
t

new elements. Then we de�ne �

f

s+1

=

�

�

f

0

s

n fha

i

; f

0

s

(a

i

)i ; hf

0�1

s

(


i

); 


i

i ; h


i

; f

0

s

(


i

)ig

�

S

fha

i

; n

s

1

i ; hn

s

1

; 


i

i ; h


i

; n

s

2

i ; hn

s

2

; f

0

s

(a

i

)i ; hf

0�1

s

(


i

); f

0

s

(


i

)ig.

We have 
hanged the path f

0

s

:
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� � �

a

i

f

0

s

(a

i

)

-

� � � � � �

f

0�1

s

(


i

) 


i

-

f

0

s

(


i

)

-

� � �

to the path f

s+1

:

� � �

a

i

n

s

1

-




i

-

n

s

2

-

f

0

s

(a

i

)

-

� � � � � �

f

0�1

s

(


i

) f

0

s

(


i

)

-

� � � � � �

We have obtained f(i)

1

g

A

s

(ha

i

; 


i

i) 6= �

�

f

2

s+1

(ha

i

; 


i

i).

Let us demonstrate that there exists the limit of the sequen
e ff

s

g

s2!

. It

suÆ
es to test pairs 
ontaining a

i

,


i

for some i. Let us �x an arbitrary i. We


hanged pairs 
ontaining a

i

,


i

only when the 
ondition of Case 2 was true.

The set A is limit 
omputable and the set D

f(i)

2

g(ha

i

;


i

i)

is �nite, hen
e the set

A

s

\D

f(i)

2

g(ha

i

;


i

i)

have not 
hanged after some stage s

0

. After the stage s

0

the

pairs 
ontaining a

i

,


i

will be �xed, i.e. f

s

0

+1

(a

i

) = f(a

i

), f

�1

s

0

+1

(a

i

) = f

�1

(a

i

),

f

s

0

+1

(


i

) = f(


i

), f

�1

s

0

+1

(


i

) = f

�1

(


i

). We have demonstrated that there exists

limit of the sequen
e ff

s

g

s2!

. We have met the requirement R

i

at the stage

s

0

. So we obtain that �

f

2

6�

wtt

A. By the 
onstru
tion it is 
lear that �

f

is

2-
.e.. The theorem is proved.

Corollary 1. Let A be an arbitrary set su
h that A �

T

0

0

. There exists a

permutation f su
h that �

f

is 2-
.e. but �

f

2

6�

wtt

A.

Proof. A set A is limit 
omputable i� A �

T

0

0

, by Limit Lemma [4℄.

De�nition. Let n be a natural number, we say that A �

ntt

B if there exists


omputable total fun
tion f with the following 
onditions: for all x the norm

of tt-
ondition f(x) is less or equal to n, and x 2 A $ (f(x) is satis�ed by

B).

Remark. If a set A is 2-
.e., then A �

2tt

;

0

.

Proof. Let us 
onsider the 
.e. set M = fhi; x; ai j 9t j fs j s � t&(j

A(s; x) 6= A(s + 1; x)g j= i)&A(t; x) = ag. It is 
lear that A �

2tt

M , sin
e

x 2 A$ (h1; x; 1i 2M& h2; x; 0i 62M).

Corollary 2. There exists a permutation f su
h that �

f

�

2tt

;

0

and

�

f

2

6�

wtt

;

0

.
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Corollary 3. The set ff j f is a permutation and �

f

�

tt

;

0

g is not 
losed

under 
omposition.

Corollary 4. The set ff j f is a permutation and �

f

�

wtt

;

0

g is not 
losed

under 
omposition.

Taking into a

ount the result by H.G. Garstens [1℄ that a set A is !-
.e.

i� A �

tt

;

0

, we obtain that the set

ff j f is a permutation and �

f

is !-
.e. g

is not 
losed under 
omposition.

I would like to a
knowledge my thanks to prof. A. S. Morozov for helpful

suggestions and dis
ussions.
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